Solutions to the Navier-Stokes Equations in a Non-Inertial Reference Frame by Majety, Kishore Satya
Mississippi State University 
Scholars Junction 
Theses and Dissertations Theses and Dissertations 
12-13-2003 
Solutions to the Navier-Stokes Equations in a Non-Inertial 
Reference Frame 
Kishore Satya Majety 
Follow this and additional works at: https://scholarsjunction.msstate.edu/td 
Recommended Citation 
Majety, Kishore Satya, "Solutions to the Navier-Stokes Equations in a Non-Inertial Reference Frame" 
(2003). Theses and Dissertations. 3991. 
https://scholarsjunction.msstate.edu/td/3991 
This Graduate Thesis - Open Access is brought to you for free and open access by the Theses and Dissertations at 
Scholars Junction. It has been accepted for inclusion in Theses and Dissertations by an authorized administrator of 
Scholars Junction. For more information, please contact scholcomm@msstate.libanswers.com. 





Submitted to the Faculty of
Mississippi State University
in Partial Fulfillment of the Requirements
for the Degree of Master of Science
in Computational Engineering
in the College of Engineering
Mississippi State, Mississippi
December 2003





Ramesh Pankajakshan Jen Ping Chen
Associate Research Professor of Associate Research Professor of
Computational Engineering, Computational Engineering
University of Tennessee, Chattanooga (Committee Member)
(Director of Thesis)
Kidambi Sreenivas Boyd Gatlin
Associate Research Professor of Associate Professor of
Computational Engineering, Aerospace Engineering
University of Tennessee, Chattanooga Graduate Coordinator
(Committee Member)
A. Wayne Bennett
Dean of the College of Engineering
Name: Kishore Satya Majety
Date of Degree: December 13, 2003
Institution: Mississippi State University
Major Field: Computational Engineering
Major Professor: Ramesh Pankajakshan
Title of Study: SOLUTIONS TO THE NAVIER-STOKES EQUATIONS IN A
NON-INERTIAL REFERENCE FRAME
Pages in Study: 52
Candidate for Degree of Master of Science
A general rotating frame formulation of the Navier-Stokes equations has been
added to the incompressible and arbitrary Mach number versions of UNCLE. While
eliminating the need for moving grids, this formulation also reduces the error
caused by linear approximations of rotational motion. The formulation is validated
for single axis rotations by comparing the simulations of a marine propeller and
an isolated helicopter rotor with experimental data. A simulation of the helicopter
rotor in pitching motion is also performed. Results are compared between the non-
inertial reference frame formulation and absolute frame solver for a prolate spheroid
with all the components of angular velocity. The use of the non-inertial reference
frame promises a faster and more accurate six-degree-of-freedom simulations.
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The central issue in computational fluid dynamics is to obtain numerical
solution to the complete Navier-Stokes equations. The basic step in obtaining
a solution for any kind of flow problem requires the equations to be written with
reference to a coordinate system. The typical coordinate systems used are global
reference frame system and body reference frame system. The reference frame
fixed to a rotating body is a non-inertial reference frame. The main objective of
this thesis is to formulate and implement the Navier-Stokes equations in a Non-
Inertial Reference Frame System (NIRFS) fitted to the body into an existing flow
solver, and also, verify and validate it.
For arbitrarily moving bodies, the motion of the body is introduced in the form
of grid velocities for Navier-Stokes equations in Inertial Reference Frame (IRF).
Any arbitrary body motion can be viewed as prescribed or six-degree-of-freedom
(6-DOF) motion. In both these cases, the grid is moved at every time step. The
grid velocity is computed at every grid point as the rate of change of this movement
during the time step. The time step has to be infinitely small for the grid velocities
to be exact, especially in rotating motion, since the movement is approximated with
a straight line. The error introduced due to the finite time step used in real-time
computations can be eliminated by formulating the Navier-Stokes equations in a
Non-inertial reference frame system. This was the motivation to formulate the
Navier-Stokes equations in NIRF to handle prescribed and 6-DOF motions. The
existing flow solver (UNCLE) is modified to handle the present formulation.
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The other advantages of NIRF were demonstrated in previous studies by
Ghosh[1] and Park[2]. Ghosh was able to freeze the non-steady nature of
turbomachinery flow and dramatically reduce the time to evaluate the flow. Park
on the other hand used the same principle to obtain steady-state computation of
constant rotational rate dynamic stability derivatives for complex configurations
like Lockheed Martin Tactical Aircraft Systems - Innovative Control Effectors(ICE)
configuration. These derivatives quantify the aerodynamic damping of aircraft
motions and are essential during the design of next generation tactical launch
vehicles.
The thesis is divided into five chapters. Chapter II is a development
of the governing equations in non-inertial frame system that are applicable
to incompressible, unsteady, three-dimensional viscous flows. The non-
dimensionalization of the governing equations, method for including the
non-inertial frame terms into a existing absolute frame solver (UNCLE),
transformation of governing equations into curvilinear coordinates and the thin-
layer approximation of Navier-Stokes equations are also presented in this chapter.
Chapter III presents the solution methodology and the basic structure of UNCLE
program. Chapter IV is dedicated to results. The simulation of a marine propeller
P4119 using the NIRF solver is compared with experiments. The simulation of
an isolated helicopter rotor in hover is compared with experimental data. The
unsteady simulation of a helicopter rotor with pitching motion is verified using
some simple qualitative analysis. Unsteady flow solutions on a 6:1 prolate spheroid
having all three components of angular velocity from the NIRF solver and absolute




The formulation of incompressible Navier-Stokes equations in relative frame
coordinate system is presented in this chapter. The equations are developed with
an objective to implement the equations into an existing absolute frame code. The
current formulation uses the absolute velocity , i.e. velocity with respect to inertial
frame to achieve this objective.
A differential form of general conservation law can be used to represent the
differential forms of conservation of mass, momentum and energy equations. This
differential form of general conservation law is [3]:
∂Ã
∂t
+ div f̃ = C̃ (2.1)
where f = Au
∼
+ B and the quantities A, B, C, are tensor quantities such that A
and C have the same tensorial order. If B 6= 0, then it is a one order higher tensor
than A. In a rectangular Cartesian inertial frame system denoted as (x1, x2, x3),
we introduce the transformation from inertial to non-inertial rectangular Cartesian
coordinate system which is given by [3]:
xi = xi(x1, x2, x3, t), i = 1, 2, 3 and τ = t
(x1, x2, x3) are general coordinates defining the moving frame and a
∼i
are the
covariant base vectors of the moving frame. The figure (2.1) shows the relative
frame (x,y,z) with respect to absolute frame(X,Y ,Z) and the components of
3
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Figure 2.1: Relative frame shown in Absolute frame




















which shows that ∂x
i
∂t
are the contravariant components of w
∼
. It can also be viewed
as velocity of the absolute frame as seen by the observer from the non-inertial
frame. The following relationship exists between the non-inertial frame and the




















+ (grad A) · w
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The temporal derivatives of the base vector ai
∼









The relative frame is in Cartesian coordinate system, therefore, the base vectors





The relative frame has velocity w
∼
















and the fact that div w
∼





+ div(f̃ + Ãw
∼
) = C̃ (2.9)
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Using the equation(2.9), The continuity and momentum equations are derived.
The equations are first derived in vector form and are expanded in component
form at a later stage. The fluid velocities in the equations are still in absolute
frame;although the velocities are in absolute frame, they are still in relative frame
basis and for comparison sake, one should not directly compare the velocities from
solutions directly. The comparison can be done only after both the solutions are
put in the same frame basis. The method used for generating the comparison is
discussed later in this chapter.
2.1 Continuity Equation
In equation(2.9), setting the terms Ã = 0, B̃ = 0, and C̃ = 0, the coninuity





) = 0 (2.10)
2.2 Momentum Equation
To obtain the momentum equation in relative frame, substitute the terms for
Ã = u
∼
, B̃ = −T̃ = 1
ρ













) = div (T̃ ) (2.11)
Where T̃ is the stress tensor, p is thermodynamic pressure, Ĩ is the unit tensor,
and σ̃ is the deviatoric part of the stress tensor including the viscous shear stress
and is given by:
σ̃ = λ(div u
∼
)Ĩ + µ[(grad u
∼




Where µ and λ are first and second coefficients of viscosity respectively. The



























2.3 Conservation Law Vector form
The continuity equation(2.10) and momentum equation(2.13) are all in
conservation vector law form and therefore, they can be represented in a single
vector form. After, expanding the compact vector and tensor notations, and
performing the dot product, gradient and divergence operations, and rewritting






















Where the dependent variable vector e, the flux vectors f , g, h, the viscous flux






































u + (Ωzy − Ωyz)
u2 + p + u(Ωzy − Ωyz)
uv + v(Ωzy − Ωyz)





















v + (Ωxz − Ωzx)
vu + u(Ωxz − Ωzx)
v2 + p + v(Ωxz − Ωzx)





















w + (Ωyx − Ωxy)
wu + u(Ωyx − Ωxy)
wv + v(Ωyx − Ωxy)

























































































































































































The above equations are in relative frame, however, all the fluid velocities a are
in absolute frame defined in relative frame basis. The existing code is in fixed frame
formulation, therefore all the components of vectors are in terms of base vectors
in fixed frame. For the sake of verification, the flow fields in both the formulations
have to be compared. Therefore, to compare the flow solutions in these different
formulations, the components of fluid velocity in relative frame formulation at each
point have to be expressed in fixed frame and this relationship can be defined only
if the orientation of relative frame with respect to fixed frame is known. The
10




























This quaternion is updated at every time step solving the four ordinary differential









































0 Ωx Ωy Ωz
−Ωx 0 −Ωz Ωy
−Ωy Ωz 0 −Ωx

































This quaternion is used to track the relationship between the components of vectors































3 2(e1e2 + e0e3) 2(e1e3 − e0e2)








3 2(e2e3 + e0e1)
































where ua, va and wa are components of absolute fluid velocity with respect to
coordinate basis in fixed frame and u, v and w are components of absolute fluid
velocity with respect to coordinate basis in relative frame.
Once the Navier-Stokes equations are successfully cast into a rotating
coordinate system there is no need for grid rotation. The flow field generated
by these equations (2.14) can be compared to one generated in fixed frame after
transforming the flow field using the eqn.(2.22).
2.4 Non-Dimensionalized Equations
The variables used in equations (2.15)-(2.18) are all dimensional quantities.
The non-dimensionalization is done by scaling the dimensional quantities using the
reference quantities denoting the freestream conditions (represented by subscript
∞) and characteristic length L̂. The non-dimensional variables used are:
x = x̂
L̂
, y = ŷ
L̂
, z = ẑ
L̂
, u = û
V̂∞
, v = v̂
V̂∞
, w = ŵ
V̂∞




, t = V̂∞ t̂
L̂
















The introduction of these non-dimensionalised variables in eqn. (2.15) results
in exactly the same equation with non-dimensionalized variables replacing the
dimensional quantities. The equations (2.16 and 2.18) representing the flux and
source terms retain the same form with dimensional variables being replaced by
non-dimensional quantities. The viscous fluxes eqn(2.17) drop the the density term
and a new non-dimensionalized quantity Reynolds number appears in the viscous
12
















































































































































where Re = ρ̂∞V̂∞L̂
µ̂∞
2.5 Curvilinear Coordinate transformation
In general, the numerical computation of the governing equations is done in
a grid conforming to the body’s complex geometry. Therefore, a curvilinear
coordinate transformation is introduced to the rectangular cartesian coordinate
system. The following general, nonorthogonal, steady, curvilinear coordinate
system is introduced in the cartesian (x,y,z) space:
13
ξ = ξ(x, y, z)
η = η(x, y, z)
ζ = ζ(x, y, z)
τ = t
(2.25)
The chain rule of differentiation is used to obtain the relationship between the
derivatives in (x, y, z) space and (ξ, η, ζ) space. This relationship in matrix form





































1 0 0 0
0 ξx ηx ζx
0 ξy ηy ζy










































































1 0 0 0
0 xξ yξ zξ
0 xη yη zη
















































1 0 0 0
0 ξx ηx ζx
0 ξy ηy ζy




















1 0 0 0
0 xξ yξ zξ
0 xη yη zη












The jacobian of inverse relationship is given by :
J = xξ(yηzζ − zηyζ) − yξ(xηzζ − zηxζ) + zξ(xηyζ − yηxζ) (2.29)
To solve the incompressible Navier-Stokes equations using artificial
compressibility method, time derivative of pressure is added to the equation after
the transformation to curvilinear coordinate system[5]. In equation (2.14) after
substituting for the derivatives in cartesian coordinates system from the equation




























































uK ′ + kxp
vK ′ + kyp












K ′ = kxu + kyv + kzw + kt




















































In the equations (2.32) and (2.33), K = F, G, H ; K ′ = U ′, V ′, W ′; K =
U, V, W ; K
v
= F v, Gv, Hv; for k = ξ, η, ζ respectively. A detailed account of
derivation is given in Appendix A. The velocity of the relative frame i.e. ω
∼
had been
introduced in the curvilinear coordinate transformation through the curvilinear





] = 0 (2.35)
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)] = 0 (2.36)














The expressions for transformed shear stress are given below:
Tkx = kxτxx + kyτyx + kzτzx
Tky = kxτxy + kyτyy + kzτzy (2.39)

































































































































































































The numerical simulation of full Navier-Stokes equation is computationally
very expensive, the thin-layer approximation is used to reduce the computations
required. The thin-layer approximation is based on the assumption that most
18
grids are packed only in direction normal to the wall. In the viscous flux only
the normal derivatives are taken into account and rest of the other derivatives are
neglected. Introducing the following approximations in the governing equations
changes only the viscous shear stress terms appearing in the viscous flux terms.
The transformed shear stress terms after applying the thin-layer approximation in








































































for all k = ξ, η, ζ .
CHAPTER III
NUMERICAL SOLUTION
The Navier-Stokes equations were simplified using the thin layer approximation
and were discretized using an implicit, cell-centered finite volume method. The























) = 0 (3.1)
The fluxes F ,G and H are the total fluxes (both inviscid and viscous) evaluated at
the cell faces.The Roe Scheme [6] is combined with MUSCL scheme of Van Leer
[7, 8] to evaluate highly accurate(upto third order) numerical inviscid fluxes.A
detailed explanation for evaluation of these numerical inviscid fluxes is given in
Refs. [9–13]. The turbulence model used is the two-equation k − ε model [14].
3.1 SOLUTION METHODOLOGY
The solution vector in the equation(3.1) contain the values at cell centers
(subscripts i, j and k are used to indicate it).The numerical fluxesare evaluated at






). The Discretized Newton Relaxation
(DNR) scheme of Whitfield and Taylor [15] is used to solve the above nonlinear
system. The Newton method generates a linear system of equations which are
solved using the symmetric Gauss-Seidel(SGS) relaxation. The true jacobians
are not computed but are numerically evaluated [10]. The solution scheme with
Newton scheme, numerical jacobians and SGS relaxation together are referred to as
19
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DNR. The solution scheme is accelerated using Full Approximation Scheme (FAS)
multigrid sawtooth cycle [13]. Details about the implementation of FAS are given
in [16]. The solver also has a capability to handle multiblock grids. The solver is
parallelized to speed up the computation process. Details on the parallelization
and on multiblock implementation are given in [16]. The structure of the code
with different iteration levels is shown in figure 3.1.
21













Figure 3.1: Structure of parallel multigrid code.
CHAPTER IV
RESULTS
The verification of the the relative frame solver was done using the data from
absolute frame solver and validated for single axis rotation using the experimental
data. The first test case is a comparison of a marine propulsor simulation to
experimental data. In the first part of the second case, the simulation of an isolated
helicopter rotor in hover is validated using the experimental data. In the second
part a small pitch rate is added to the hover simulation. Since no experimental
data is available for this case, the results were analyzed on the basis of expected
trends and periodicity. The third test case is a 6:1 prolate spheroid with constant
angular velocity components about each axis. The solutions from relative frame
and absolute frame were compared to each other.
4.1 Propeller P4119
The marine propeller P4119 is a three bladed with diameter of 304.8mm with
no skew or rake [17]. Experimental data is available for the P4119 for an advance
ratio of J = 0.833, an advance velocity of V = 2.54m/s and a rotational speed of
10rps from Jessup[18].
The grid was built in the region between two blades with only one face of each
blade actually in the grid system. One of these faces correspond to the suction face
and the other to pressure face. The computation is made efficient by solving only
in this passage region with the use of rotational symmetry boundary conditions.
The grid dimensions are 105x65x41 with 41 points on the blade axially and 41
points spanwise. The grid also includes one third region of both shaft and hub
22
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Figure 4.1: Surface grid of propeller P4119 with shaft and hub.
corresponding to the blade passage region. The surface grid of the passage region,
hub and shaft are shown in Figure 4.1.
The Reynolds number for the current computation based on the freestream
velocity and diameter of the propeller is 5.76x105. Steady state calculations
were performed by taking advantage of relative frame formulation with 4-level
full multigrid level coarsening with 10 symmetric Gauss-Seidel iterations. Local
time stepping was used with starting CFL number of 1 which was ramped up to 5
after 120 iterations. The convergence history is shown in Figure 4.2.
The pressure coefficients Cp are calculated at various blade locations and
compared to the experimental data in Figures (4.3)-(4.5), where r is the radial
of distance of the point in consideration with the propeller axis, and R is the
radius of the blade tip. The definition of Cp as shown in the figures is [17]:
24





Figure 4.2: Convergence history of propeller P4119










p=pressure on the blade
p0=static pressure at infinity
The numerical thrust (KT ) and torque (KQ) coefficients are compared with the
experimental data in Table 4.1.
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Table 4.1: Comparison of Experimental and Numerical thrust and torque
coefficients
KT 10KQ
Experimental Data 0.146 0.28
Numerical Data 0.1431 0.282
The pressure coefficient distributions at various radial locations agree well with
the experimental measurements except at r/R = 0.3. The thrust and torque
coefficients also favorable agree with the experiments.
















 Experiment, Pressure side
 Experiment, Suction side
Figure 4.3: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.3
26
















 Experiment, Pressure side
 Experiment, Suction side
Figure 4.4: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.7
















 Experiment, Pressure side
 Experiment, Suction side




The flow over an isolated helicopter rotor was solved for two different
configurations using the relative frame solver. The first case was a simpler flow
situation of a helicopter rotor in hover, while the second case was a unsteady
case of a helicopter rotor with a pitch rate. The entire simulation was performed
using the variable Mach number version of UNCLE with the general relative
frame modifications. The formulation of arbitrary Mach number equations given
references [19] and [20] into relative frame result in the same equations with new
































Figure 4.6: Surface grid over a helicopter rotor
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The rotor used is a two-bladed, untwisted and untapered type with a NACA
0012 airfoil section. The rotor is 7.5 feet in diameter. The aspect ratio of the blade
is 6, this results in a chord length of 0.625 feet. A 10-block H-type grid with a
total size of 69x45x111 was used. The computation was made efficient by using
rotational symmetry boundary condition to solve only on one side of the body.
The surface grid on the body is shown in Figure 4.6.
4.2.1 Hover Simulation
The first simulation was on a rotor in hover based on the experimental data
from Caradonna [21]. This simulation is a one degree of rotational freedom steady
state solution. The experimental data is available for the blade tip Mach number
of 0.877 at a collective pitch of eight degrees. The numerical simulation was
performed such that non-dimensionalized velocity at the tip of the blade was 1.0,
the corresponding non-dimensionalized angular velocity was 2.0 and the Reynolds
number was 46.5x106. The simulation was started with a initial CFL number of
5.0 and gradually increased to 20.0 after 600 iterations.
Pressure coefficients obtained from the simulation at blade locations r/R =
0.5, 0.68, 0.8, 0.89 and 0.96 are compared with the experiments in the figures
(4.7)-(4.11). The pressure coefficient distributions at the various blade locations
favorably agree with the experiments. At the radius locations r/R = 0.5 and
0.68, the pressure distributions are smooth on both upper and lower surface,
the upper surface pressure slowly rises and becomes equal to the lower surface
close to the trailing edge. At the radius locations r/R = 0.8, 0.89 and 0.96, flow
near the leading edge on the lower surface is supersonic. The supersonic region
terminates with a shock, and the location of the shock moved towards the trailing
edge as the radius increases. This was an expected consequence of increase in the
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Figure 4.7: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.5
supersonic region as the radius increases. The results reasonably agree with the
experimental results, validating the terms added to the variable Mach solver to
solve the governing equations in non-inertial frame. The stage is set for the next
simulation of the rotor having a pitch rate. The solution from this stage was used
as starting point for the next simulation.
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Figure 4.8: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.68











Figure 4.9: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.8
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Figure 4.10: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.89











Figure 4.11: Comparison of computed and experimental pressure coefficients at
blade location r/R=0.96
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4.2.2 Helicopter Rotor in Pitching motion
The simulation performed in this section is on a rotor in pitching motion. In
the previous section, the motion of the rotor had only one component of angular
velocity. In the current simulation, the rotor has all the three components of
angular velocity that change at every time step. The body x-axis is pointed along
the axis of rotation and body z-axis is on the blade pointed in the radial direction.
The simulation was performed for a rotor rotating about its own axis (i.e.,
local x-axis) and pitching about the global z-axis. The motion can be broken
down into two components for any airfoil section of the blade, the first component
is the velocity in the disk of rotation and the second component is the velocity
perpendicular to the disk. The first component has a constant value for any
azimuth angle of the blade and the second component changes with the azimuth
angle peaking at azimuth angles of 0, 90, 180, 270 and 360 degrees. Since the solver
takes the components of angular velocity in relative frame system, the component
of angular velocity about the global axis was rotated at every time step using the
quaternions that were evaluated as explained in chapter 2. This angular velocity
component was added vectorially to the component in local x-axis. The figure
(4.12) shows the variation of components of the angular velocity as the blade
revolves. The figure (4.13) shows the velocity component perpendicular (along
body x-axis) to the disk of rotation. In the first time step the global axis system
and the body axis system match, the simulation started with a non-dimensionalized
angular velocity of (−2.0, 0, 0.008) with a non-dimensional time step of 0.0068318.
The solution was observed for periodic nature to establish the veracity of the
solver. The time histories of pressure coefficients at the radial location 0.89 is shown
in figures (4.14)-(4.15). The blade took approximately 920 iterations to complete
one revolution and the pressure coeffients on the upper and lower surface were
33
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Figure 4.12: The components of angular velocity due the pitch vs. Revolutions of
the blade































Figure 4.13: Velocity component perpendicular to disk of rotation vs. azimuth
angle
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Figure 4.14: Lower surface Cp Vs revolutions. (a): 50 percent chord. (b):30
percent chord.
plotted after every 100 iterations. The 0.89 radial location was chosen because of
the transonic nature of the flow. The expected cyclic nature at this radial location
could be seen in the figures (4.14)-(4.15). Insufficient number of points printed out
per revolution may be the cause of the irregular nature of the cycles. A fourier
transform applied to the pressure coefficient histories as shown in figure(4.16)
shows the dominance of one harmonic, clearly demonstrating the periodic nature
of the pressure coefficients. The relative frame solver performed reasonably from
a qualitative point of view, verifying the terms added to the absolute frame solver
to solve the equations in a relative frame.
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Figure 4.15: Upper surface Cp Vs revolutions. (a): 50 percent chord. (b):30
percent chord.
















30% chord upper surface 
30% chord lower surface
50% chord lower surface
50% chord upper surface
Figure 4.16: Discrete Fourier transform of the pressure coefficient histories
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4.3 Comparison of Absolute Frame and Relative Frame Formulations
An unsteady flow solution over a 6:1 prolate spheroid having all the three
components of angular velocity was used to verify the relative frame solver against
the absolute frame formulation. The solutions were compared to each other.
The absolute frame formulation is a more direct way of introducing the motion
of a body in the Navier-Stokes equation through time metrics. The metrics are
computed at every time step by calculating the change in position of every grid
point at the end of the time step with motion being considered linear within the
interval.
The spheroid in the current simulation had all the three degrees of rotational
freedom.The position and the angular orientation of the body with respect to
inertial or global reference frame had to be computed in advance for this kind
of forced or prescribed motion simulations with the absolute frame solver. To
obtain the orientation of the body at every time step, the equations relating the
orientation of the body and angular velocity have to be solved. These equations
are given by four ordinary differential equations given in Stevens[4]. This system of
four ordinary differential equations was solved using a fourth-order Runge-Kutta
numerical technique from a validated prescribed motion module by Pankajakshan
[14].
The flow computation was on a 6:1 prolate spheroid having a non-
dimensionalized constant angular velocity of (1,−1, 1) throughout the simulation.
The grid consisted of 64 blocks with 15x17x10 points in each block. The simulation
was performed with Reynolds number of 3.3x106 and 3 M-cycle iterations per time
step. The time steps used were 0.001, 0.0005, 0.00025 and 0.000125 and solutions
were obtained at the end of time period t = 1.0.
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The pressure and velocity components contours for the smallest time step are
compared for absolute frame solutions in figures (4.17)-(4.28). Figures (4.17)-(4.20)
are contours at x = 0 plane, figures (4.21)-(4.24) are contours at y = 0 plane and
figures (4.25)-(4.28) are contours at z = 0 plane. The contour numbers in absolute
frame and relative frame correspond to same contour values. There is a favorable
match between the solutions from absolute frame and relative frame formulations.
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(a) (b)
Figure 4.17: Comparison of Pressure contours from Relative frame and Absolute
frame solvers for a spheroid at x=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.18: Comparison of x-velocity contours from Relative frame and Absolute




Figure 4.19: Comparison of y-velocity contours from Relative frame and Absolute
frame solvers for a spheroid at x=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.20: Comparison of z-velocity contours from Relative frame and Absolute




Figure 4.21: Comparison of Pressure contours from Relative frame and Absolute
frame solvers for a spheroid at y=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.22: Comparison of x-velocity contours from Relative frame and Absolute




Figure 4.23: Comparison of y-velocity contours from Relative frame and Absolute
frame solvers for a spheroid at y=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.24: Comparison of z-velocity contours from Relative frame and Absolute




Figure 4.25: Comparison of Pressure contours from Relative frame and Absolute
frame solvers for a spheroid at z=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.26: Comparison of x-velocity contours from Relative frame and Absolute




Figure 4.27: Comparison of y-velocity contours from Relative frame and Absolute
frame solvers for a spheroid at z=0 plane. (a): Relative frame . (b):
Absolute frame.
(a) (b)
Figure 4.28: Comparison of z-velocity contours from Relative frame and Absolute




The Navier-Stokes equations are cast in general non-inertial reference frame.
The non-inertial terms were incorporated into the existing incompressible and
variable Mach versions of the UNCLE solver. The following are the test cases
for relative frame formulation:
1. The results for propeller P4119 and helicopter rotor in hover were in good
agreement with the experimental data for single axis rotation. The solutions were
obtained seperately for all the three axes with the axis of the propeller aligned
along that axis.
2. The pressure coefficient time history for helicopter rotor in pitching motion
was periodic.
3. The solutions obtained for the prolate spheroid, with all three components
of angular velocity, from the relative frame formulation and the absolute frame
formulation were in good agreement with each other.
Future work includes the coupling of the relative frame formulation with six-
degree-of-freedom (6-DOF) module. The solution can be used for more accurate
and faster trajectory prediction of underwater vehicles. It also can be coupled with
the free surface module for numerical simulation of maneuvers for ships like VLCC
tankers with very small amplitude motions.
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APPENDIX A


























where the vectors e, f , g, h, f v, gv, hv and s are defined in the equations (2.15-2.18).
A general non-steady curvilinear coordinates are
ξ = ξ(x, y, z, t)
η = η(x, y, z, t)
ζ = ζ(x, y, z, t)
τ = t
(A.2)
The relationships between derivative terms in rotating cartesian coordinate system
and derivative terms in rotating curvilinear coordinate system are obtained using





























































































1 ξt ηt ζt
0 ξx ηx ζx
0 ξy ηy ζy










































































1 xτ yτ zτ
0 xξ yξ zξ
0 xη yη zη





































the determinant of the above inverse transformation is metric Jacobian
J = xξ(yηzζ − zηyζ) − yξ(xηzζ − zηxζ) + zξ(xηyζ − yηxζ) (A.6)











1 ξt ηt ζt
0 ξx ηx ζx
0 ξy ηy ζy




















1 xτ yτ zτ
0 xξ yξ zξ
0 xη yη zη












upon solving, the individual derivatives are defined as follows:
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ξx = J
−1(yηzζ − zηyζ) ηx = J
−1(zξyζ − yξzζ) ζx = J
−1(yξzη − zξyη)
ξy = J
−1(zηxζ − xηzζ) ηy = J
−1(xξzζ − zξxζ) ζy = J
−1(xηzξ − zηxξ)
ξx = J
−1(xηyζ − yηxζ) ηx = J
−1(xζyξ − yζxξ) ζx = J
−1(xξyη − yξxη)
ξt = −xτξx − yτξy − zτξz ηt = −xτηx − yτηy − zτηz ζt = −xτζx − yτζy − zτζz
(A.8)















∂(f − f v)
∂ξ
+ ηx
∂(f − f v)
∂η
+ ζx


































where k = ξ, η, ζ, or τ, m = x, y, z, or t and C = (f − f v), (g − gv), (h − hv), or e
respectively. Since the terms J, km (from eq.(A.8)) are transformation independent,















[J(ξte + ξxf + ξyg + ξzh)] +
∂
∂η

























After substituting for e, f, g, h, f v, gv, hv and s from equations (2.15)-(2.18)



























































uK ′ + kxp
vK ′ + kyp













K ′ = kxu + kyv + kzw + k
′
t



















































where K = F, G, H ; K
v
= F v, Gv, Hv for k = ξ, η, ζ respectively.
